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A Remark on the Decay of Superconducting
Correlations in One- and Two-Dimensional
Hubbard Models

Nicolas Macris' and Jean Ruiz?
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Upper bounds on the decay of various correlation functions are derived for a
general class of itinerant fermion models with long-range hopping matrix. These
bounds extend previous results of Koma and Tasaki and rule out the possibility
of magnetic ordering and condensation of superconducting electron pairs in one
and two dimensions for finite temperatures.
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The absence of spontaneous breakdown of continuous symmetry in one-
and two-dimensional classical and quantum statistical mechanical systems
is a well-known phenomenon (see, e.g., refs. 2-4). For the Hubbard model
(see ref. 5 for a recent review of rigorous results), which has a global SU(2)
symmetry, Walker and Ruijgrok‘® and then Ghosh!” proved the absence
of magnetic ordering at finite temperatures, using the Bogoliubov
inequality. More recently, Koma and Tasaki!'’ extended the McBryan-
Spencer method® to a general class of Hubbard models with finite-range
hoppings. Making use of the global U(1) gauge symmetry of any quantum
system conserving the particle number, they proved the absence of off-
diagonal long-range order (ODLROY) corresponding to the condensation of
superconducting electron pairs (such as Cooper pairs).

In this note, we exend the results of ref. 1 to the case of an infinite-
range hopping mafrix. Let us remark that the tight-binding approximation

Institut de Physique Théorique, Ecole Polytechnique Fédérale de Lausanne, CH-1015
Lausanne, Switzerland. E-mail address: macris@eldp.epfl.ch.

2CPT-CNRS, Luminy Case 907, F-13288 Marseille Cedex 9, France. E-mail address:
ruiz@cptsu2.univ-mrs.fr.

1179

822/75/5-6-26 0022-4715/94/0600-1179807.00/0 © 1994 Plenum Publishing Corporation



1180 Macris and Ruiz

underlying the models leads naturally to a hopping matrix with infinite
range and exponential decay. Our results in Theorem 1 (see also the second
remark after the proof of the theorem) cover this case.

We state the bounds and give their proof explicitly for the case of
off-diagonal correlation functions. The same holds also for spin—spin
correlations. They are based on the McBryan and Spencer bound proved
in ref. 1 to which we apply the estimates of Messager et al.®® The case of
random hopping is also considered.

We consider on the (d < 2)-dimensional lattice Z¢ an itinerant elec-
tron model with Hamiltonian

H=— Y Y toci,cootV({ne}) (1)

xrezd o=1,

Here (t,,) is the hopping matrix, ¢

<, and ¢ , are the creation and
annihilation operators with Fermi statistics, and the interaction ¥({n, ,})
is an arbitrary function of the number operators n ,=c? c.,. We
introduce the expectation of an arbitrary observable 4 as (A4)=
Tr Ae = PH-#N)Tr e =BH-uM) " where u is the chemical potential and
N=3 . ,n,.,is the total number operator. (4 ) is to be interpreted as the
thermodynamic limit 47 Z¢ of the corresponding finite-volume expression
{A)>, where the sites are restricted to a finite box A. The following
theorem sets bounds on the correlations between the superconducting

order parameters 47 =cl, ¢y, 4, =c, c,;.
Theorem 1. (a) Ifd=1 and {t,,| <t/|lu—v|* with 2> 2, then

C
474, +hey<——5— 2)
[x—yl

(b) Ifd=1 and |t,| < t/(Ju—rv|*log'?’ |[u—rv|), then

C
(474,+hc) < Tog® x —y 1) 3)
(¢} If d=2 and |1,,| <t/|lu—v|* with a >4, then
C
{474,+hc) gu_—}w 4)
(d) Ifd=2and |t,|<t/|lu—v|% then
(424, +hey<— 5 (5)

(log |x — y|)B#



Superconducting Correlations in Hubbard Models Eak:il

() Ifd=2and |z,,| <t(log?® |u—v|---log'” |u—rv|)/|u~v|* then

Cy
(log(p)lx_yl)i-a(/i)

(4F4,+he) < (6)

where t, Cy, Cy, C,, C;, and C, are positive constants and 1,, 4,, 45, and
44 are nomnincreasing functions of § proportional to = for large f. In (3)
and (6), log'?’ denotes the p-times iterated logarithm.

Proof. Formulas (6) and (10) and the first inequality of {(11) in ref. 1
give

(474, +hed<exp {—2(wx—<o,)+ﬂ S |1l [cosh(¢u— @) — 1]} ™

u v

where {¢,} is an arbitrary family of real numbers. They are related to the
gauge transformation

A —>exp <— Y (p,,c:,c,,v,,> A exp <Z (p,,c,jfac,‘.,,> 8)

ho uoc

which plays, in the case under consideration, the role of the complex trans-
lation of ref. 8. The right-hand side of (7) has been estimated by a suitable
choice of the variables ¢, according to the different hypotheses on ¢,,, to
obtain upper bounds on the decay of two-point correlation functions of
SO(N)-symmetric spin systems.”) We thus refer to ref. 9 (see Sections 2
and 3) to conclude the proof. |

Remarks. 1. Koma and Tasaki proved the decay given in
statements (a) and (c) of Theorem 1 in the case of finite-range hopping
matrix: [f,,| =0 if |[x—y|> R, where R is some constant. They already
mentioned that the case of long-range hopping could be treated by their
techniques using the result of Ito."'” However, the treatment of the
McBryan-Spencer bound given by Ito leads to much slower decay than
those obtained from the estimates of Messager et al.’®’ proposed here.

2. In dimension d=1, it can also be shown that power law decay
holds for small 8 when |z,,| <1|u—v| % Moreover, exponential decay
holds for all § when ¢,, decays exponentially.

3. The bounds of the theorem hold also for the correlations
(el e, . +he), exceptin case (a), where the decay goes like |x — y| ~©~ 1),

4. The infinite-volume limits of the free energy and the pressure exist
for the models under consideration if |t,,| <t |u—v| % a>d. This follows
from standard arguments in the theory of the thermodynamic limit. Here
we tacitly assume that it is also the case for the correlation functions.
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We now consider the case of random hopping. Obviously the bounds
given in Theorem 1 immediatly extend to this case, but we can obtain
decaying bounds even if d<a <2d, thanks to methods used for classical
spin-glasses.!'"

Theorem 2. Whenever t,, =7, |[u—v|~% where 7, are bounded
ii.d. random variables with zero mean, then:

(a) If d=1 and «> 1, there is a positive random variable f({7,})
which is finite almost surely such that
- - 1
474, + h'c'>({tuv})<f({tuv})W

(b) If d=2 and a>2, then for all 0<K<a—1 and y<1, there
exists a sequence of random variables F, such that for |x—y|=N

9)

—log|<4}4,+hc )| =>Fy (10)
with

F,
Nli_r’nw (logAIIV)"= K in L%-sense (11)

Proof. From the second inequality of formula (10) in ref. 1 and the
variational principle (or Peierls inequality‘®’), we get

Tr e —BtH —uN)
)

—2(px— @y _—
(A)<e™ 7% Tre-PH-#M

Sexp {_2((Pv‘<l’;)+ﬂ Z tuv[COSh(q)u— (Pv)_ 1]<c:_-acv.a>’} (12)

where H' is the Hamiltonian with modified hoppings 7, = t,, cosh(¢,— ¢,)
and (-}’ is the expectation with respect to this modified hopping. As in
ref. 11, it is sufficient, for d=1, to prove that

ez reff=ef

where E is the expectation with respect to the hoppings 7,,.

Since, by the Schwartz inequality, E{|3,, X,.|} < (E{(Z.. X..)*})"%
one needs to bound a diagonal part Y, E{X2} and a nondiagonal part
Yiknier E{X; X ). For the diagonal part each term is bounded as in
ref. 11 by

Ztuv[COSh((pu_(pu)_l]‘}<w (13)

[E 2
hl{__I‘;:I%'[COSh((pu—(pu)_l]z (14)



Superconducting Correlations in Hubbard Models 1183

because of |{c) ¢, .>'| <1. Indeed (for finite volume)

ITr ¢} e e P =M et e, ge P =4V
Sllek, ool - lle™PH=EM,
< Tr e~ PEH —uN)
where |||, is the trace class norm and | - ||, the operator norm (cf. ref. 12).

For the nondiagonal part we use the Dyson expansion

e~ BUHO+ HD — o~ fHo Z j dle‘ dsy-- J:"_ldsn

nzl

% e—.\nHoHle—(sn-n—xn)HoHl “.Hle—(ll—ﬂ)ﬂo (15)
where

H0=_ Z z xy \'a |a+V({nva} (16)

x, y#ijkl o=1,]

Hi=ticl,¢,,+ i Cro {17}

This leads to a convergent series for (¢ c,,> {c{,c,,>" in powers
of 7, and 1. Since E{7;i; } =E{7;} E{7};} =0, for any integer n, all the
first- ordcr terms disappear and each term of the nondiagonal part can be
bounded by

E{7)} E{7
]—%z [cosh?(¢;— ¢,;) —cosh(p; — ¢,)]
x [cosh*(¢, — ;) — cosh(p, — ¢,)] (18)

We choose ¢.— @ =(x—1)X7_, j~' when |z—x|=n and conclude the
proof of the one-dimensional case by the estimates of ref. 9.

For the two-dimensional case we use the choice of Picco,"* ¢, — ¢, =
K37 , (jlmax{l,log }]'~?)~" when z belongs to the square with sides
of length 2n + 1 centered at x, and apply the estimates of ref. 9 to (14) and
(18), which yields, instead of (13),

i

for any y < 1, and conclude the proof as in Van Enter.!'V |

uv

}somog N)?~1) 4+ Cte (19)
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